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a b s t r a c t

Reliable prediction of water supply dynamics in large-scale canal systems is critical for water allocation 
and operational decision-making in inter-basin water transfer projects. Uncertainty in lateral offtake 
discharges evolves over time and often exhibits multi-peaked distributions due to real-time hydraulic 
states and unplanned gate operations. However, reliably quantifying and interpreting the evolving 
uncertainty remains difficult under such dynamically changing and small-sample conditions. Here we 
show that a physics-guided mixture density network (PgMDN) can effectively characterize this uncer
tainty while remaining physically consistent. In the proposed PgMDN, physical knowledge is incorpo
rated into the loss function through local mass balance and a consistency constraint between 
predictions and their associated uncertainty, while long short-term memory layers are employed to 
model temporal dependencies and multi-factor influences.  In addition, Shapley additive explanation 
analysis is used to identify the dominant hydraulic inputs contributing to predictive uncertainty. Tested 
on real-world canal datasets, the proposed PgMDN outperforms the standard mixture density network, 
achieving over a 25% reduction in both mean absolute error and root mean square error, together with 
improved reliability, as measured by the R-index (increasing from 0.45 to 0.82), and stronger general
ization. The results further reveal that water level fluctuations and boundary inflow are key drivers of 
predictive uncertainty, supporting the physical interpretability of the proposed model. Overall, this 
study provides a scalable and interpretable tool for real-time modeling of environmental infrastructure 
and the operational management of large-scale water diversion systems.
© 2026 The Authors. Published by Elsevier B.V. on behalf of Chinese Society for Environmental Sciences, 
Harbin Institute of Technology, Chinese Research Academy of Environmental Sciences. This is an open 

access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Inter-basin water transfers play a vital role in redistributing 
water resources across spatial and temporal scales, supporting 
groundwater recovery, water security, and long-term ecological 
resilience under climatic and socio-economic change [1–3]. Reli
able hydrodynamic predictions are essential for securing water 
supply and providing early risk warnings [4,5].

Compared with natural rivers or watershed systems, canal 
systems are influenced  by both natural processes and human 

operations, with flow  regimes shaped by gate operations and 
evolving hydraulic conditions. In such systems, lateral offtake 
discharges frequently deviate from planned supply targets. These 
deviations, driven by interactions with real-time system states and 
unplanned gate operations, produce multimodal distributions 
with multiple distinct peaks under given conditions [6,7]. This 
uncertainty degrades the accuracy of water-level predictions and 
may lead to ineffective operational decisions and delayed emer
gency responses [8]. Therefore, robust uncertainty quantification 
(UQ) of real-time water offtake discharges is urgently needed to 
support adaptive and resilient water distribution under dynamic 
and uncertain operational conditions.

The Monte Carlo (MC) method, a traditional numerical 
approach for UQ, relies on repeated random sampling to * Corresponding author.
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approximate the probability distributions of model predictions [9]. 
It is commonly applied to physics-based models, such as hydro
logic simulations, by sampling inputs or parameters [10]. To 
improve efficiency  when sampling from complex distributions, 
several acceleration strategies have been developed. Among these, 
Markov chain MC has been used to quantify prediction intervals 
for nonlinear flow  behaviors [11–13], and Camacho et al. [14] 
demonstrated its effectiveness in both one- and multi- 
dimensional hydrodynamic modeling. Additionally, Latin hyper
cube sampling improves coverage of parameter spaces and re
duces redundant simulations [15,16], while sequential MC 
enhances exploration efficiency in complex water systems [17].

Despite these advances, MC-based UQ requires carefully 
defined sampling ranges and remains computationally expensive. 
Moreover, such methods are ill-suited for predicting uncertainty in 
water-offtake discharges, as the absence of explicitly physical 
models makes it difficult to define input variables, often leading to 
unrealistic sampling.

As a more efficient alternative, statistical modeling approaches 
estimate predictive distributions directly from observed data. 
Parametric methods—assuming Gaussian or non-Gaussian dis
tributions—have been widely applied in hydrodynamic modeling, 
including flood forecasting [18], stage-discharge relationships [19], 
and extreme precipitation analysis [20]. To increase flexibility, 
non-parametric methods that avoid strict distributional assump
tions have also been explored. For example, data-driven classifi
cation approaches have been used to generate probabilistic flood 
forecasts from historical model errors [21], generalized likelihood 
uncertainty estimation has been linked with Bayesian inference in 
hydrological modeling [22], and bootstrapping techniques have 
been combined with hydrodynamic models for flood  warning 
systems [23]. However, because these methods primarily rely on 
historical patterns and neglect dynamic interactions within the 
system, they struggle to capture the multimodal characteristics of 
future offtake discharges driven by real-time hydraulic conditions.

With the rapid adoption of deep learning for modeling com
plex, implicit input–output relationships, Bayesian neural net
works (BNNs) and other stochastic, data-driven approaches have 
emerged as powerful tools for UQ [24,25]. Bayesian long short- 
term memory (LSTM) networks have been applied to simulate 
uncertainty in streamflow for data-scarce basins [26] and in soil 
moisture dynamics [27]. As an approximate Bayesian inference 
technique, MC dropout simulates an ensemble of networks by 
randomly deactivating neurons, enabling estimation of posterior 
distributions in hydrological models [28,29] and water distribu
tion failure analysis [30]. To better represent real-world distribu
tions, variational Bayesian inference has been used to model 
uncertainty in LSTM weights [31], while Gaussian mixture models 
have been integrated with LSTM networks for short-term fore
casting [32].

McLachlan et al. [33] demonstrated that finite  mixtures of 
Gaussian distributions can approximate any continuous proba
bility distribution. Building on this principle, the mixture density 
network (MDN), originally proposed by Bishop [34], has been 
increasingly applied to improve UQ in hydrodynamic modeling. 
Due to their flexibility in representing multi-modal distributions, 
MDNs efficiently have been successfully used in applications such 
as stage-discharge curve estimation [35], hydraulic-geological 
modeling [36], and streamflow prediction [37,38]. Furthermore, 
comparative studies have shown that MDNs outperform MC 
dropout-based LSTM models in capturing complex and arbitrary 
distributions [39].

However, conventional MDN and BNN models often lack 
physical constraints and depend heavily on large, high-quality 

datasets, limiting their reliability in real-time hydrodynamic pre
diction. Although recent studies in other domains have incorpo
rated physical knowledge into probabilistic neural networks to 
improve the reliability and interpretability [40,41], these ap
proaches are typically designed for static tasks with single- 
variable inputs. In canal systems, uncertainty in offtake dis
charges arises from dynamic, multivariate hydraulic interactions, 
presenting additional challenges compared to natural hydrological 
systems. Consequently, existing approaches remain insufficient for 
modeling uncertainty in real-time offtake discharge prediction.

To address these limitations, this study proposes a physics- 
guided mixture density network (PgMDN) that integrates phys
ical knowledge into probabilistic learning, enabling reliable real- 
time uncertainty modeling in canal systems. The proposed 
model captures dynamic, multivariate interactions while main
taining physically plausible predictions under data-limited con
ditions. In addition, the Shapley additive explanations (SHAP) 
analysis is employed to identify key hydraulic drivers of predictive 
uncertainty. The performance of the PgMDN is evaluated using 
real-world canal system data, demonstrating improvements in 
accuracy, reliability, and generalization.

2. Methodology

2.1. Uncertainty in the offtake discharge prediction

The hydrodynamic behavior of canal systems is governed by 
unsteady discharges through the upstream control gate (Qu), the 
downstream control gate (Qd), and lateral offtakes (q) [42]. To 
minimize water-level fluctuations  caused by water withdrawal, 
offtakes are typically located near the downstream end of canal 
reaches [43]. In practice, Qu and Qd are often predetermined to 
meet water-supply or flood-control objectives. However, the off
take discharge q exhibits a multimodal distribution due to the 
influence  of real-time hydraulic conditions and unplanned gate 
operations. Considering flow time travel delays and uncertainty in 
system information, the offtake discharge q in real-world systems 
can be expressed as follows: 

~qt =Qu;(t− td)
− Qd;t + εq;t (1) 

where t is the time step; td represents the delay time step asso
ciated with water flow from the upstream end to the downstream 
end; εq,t denotes the residual error in the predictive offtake 
discharge at time step t; and ~qt is a stochastic variable (m3 s− 1).

To quantify the inherent uncertainty in the predictive q, a cu
mulative distribution function (CDF) is used to characterize its 
probability distribution, obtained by integrating the correspond
ing probability density function. This probabilistic formulation 
enables representation of the stochastic and potentially multi
modal nature of q. At each time step t, conditioned on a predictor 
vector (denoted xt), the model outputs a conditional distribution 
p(qt|xt) with nonlinear, time-varying statistical characteristics 
(e.g., mean and variance).

2.2. Physics-guided mixture density network

2.2.1. Standard MDN architecture
The MDN architecture employed in this study consists of four 

layers: one input layer, two hidden layers, and one output layer. 
Based on the availability of real-time sensor measurements, the 
input layer comprises water-level variations at the upstream and 
downstream (ΔHu and ΔHd); planned discharges at the upstream 
and downstream (Qu and Qd); the downstream water level (Hd); 
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and a nonlinear interaction term (HdΔHd).
These variables collectively represent the hydraulic state of the 

system and the scheduled control actions, providing information 
relevant to subsequent offtake discharge. In particular, Hd and 
HdΔHd characterize downstream hydraulic conditions, which 
directly influence  offtake flow, as offtakes are typically located 
near the downstream end. The selected variables enable the model 
to capture both natural and operational influences embedded in 
the hydraulic state.

Because water-level states are derived from past observations, 
whereas discharge plans are specified  in advance, the predictor 
vector at time step t includes variables from different time steps. 
Specifically, ΔHu, ΔHd, Hd, and HdΔHd are taken from the time step 
t − 1, whereas Qu and Qd correspond to time step t. Accordingly, the 
predictor vector xt is constructed using variables from both t and t 
– 1, as expressed in equation (2): 

xt =
{

ΔHu;t− 1;ΔHd;t− 1;Qu;t;Qd;t;Hd;t− 1; (HdΔHd) t− 1

}
(2) 

where ΔHu,t− 1 and ΔHd,t− 1 denote changes in upstream and 
downstream water levels at time step t − 1 (m), respectively; Qu,t 
and Qd,t denote planned discharges through the upstream and 
downstream control gates at time step t (m3 s− 1), respectively; and 
Hd,t− 1 denotes the downstream water level at time step t − 1 (m).

As a flexible probabilistic framework, the MDN incorporates 
two stacked LSTM layers to capture temporal dependencies in the 
input sequence. The output of the second LSTM layer is mapped to 
the parameters of the mixture distribution. Each LSTM processes a 
historical input sequence spanning T time steps (xt− T, …, xt), and 
produces a multimodal predictive distribution for q at the tth time 
step (qt) in a sequence-to-one architecture. Key hyper
parameters—including the number of neurons per layer, number 
of training epochs, learning rate, and batch size—are tuned during 
model development [39]. The MDN outputs an estimated CDF 
represented as a mixture of component distributions with 
different weights [44]. The conditional distribution p(qt|xt) can be 
expressed as equations (3) and (4): 

(qt|xt)=
∑M

i=1
ωi;t(xt)ϕ

(
qt|θi;t(xt)

)
(3) 

∑M

i=1
ωi;t(xt)=1;0≤ωi;t(xt) ≤ 1 (4) 

where M denotes the number of mixture components and ωi,t(xt) is 
the mixing weight of the ith kernel ϕ(•) at time step t. The kernel 
function ϕ(•) can be any type of parametric density distribution 
and is governed by a vector of parameters θi,t(xt) (e.g., mean μ and 
standard deviation σ).

In this study, the number of mixture components (M) is set to 3. 
The kernel function ϕ(•) follows a Gaussian distribution due to its 
flexibility and effectiveness in probabilistic modeling [45]. θi,t(xt) 
can be further expressed as (μi,t, σ2

i,t), where μi,t(xt) and σ2
i,t(xt) 

indicate the mean and variance of the ith Gaussian component, 
respectively. Accordingly, outputs of the MDN contain a set of 
time-varying parameters (ωi,t, μi,t, σ2

i,t). To ensure valid parame
terization, activation functions are applied in the output layer: A 
Softmax function enforces that the mixture weights ωi,t sum to 1, 
while a Softplus function ensures positivity of the variances σ2

i,t; 
the means μi,t retain their original values [34]. Model training is 
performed using the negative log-likelihood (NLL) function based 
on the observed data: 

Ndata = −
∑N

i=1
ln

[
∑M

i=1
ωi;t(xt)g

(
qo;t

⃒
⃒μi;t(xt); σ2

i;t(xt)
)
]

(5) 

where Ndata denotes the NLL term based on observed data; g(•) 
denotes the Gaussian distribution; qo represents observed values 
of q in m3 s− 1; and N is the total number of time steps.

The trained model is then used to predict the distribution pa
rameters of the conditional distribution p(qt|xt). Based on these 
parameters, quantiles of the mixture distribution can be computed 
to quantify predictive uncertainty. The mixture-weighted mean (μ) 
represents the expected value of q, while the mixture-weighted 
variance (σ2) reflects uncertainty. Because the inverse CDF of the 
mixture distribution lacks a closed-form solution, the 90% pre
diction interval is approximated using MC sampling with 10,000 
draws from the fitted Gaussian mixture.

2.2.2. MDN with physical constraints
To improve real-time prediction of offtake discharge under 

limited data conditions, we incorporate local flow  continuity 
constraints and a coupling relationship between predictive mean 
variation and uncertainty into the MDN framework, resulting in 
the proposed PgMDN model. While retaining most components of 
the original MDN architecture, the PgMDN introduces two 
physics-based constraint terms into a unified  loss function to 
guide model training. These additional terms influence the back- 
propagation process by adjusting internal network parameters 
during forward propagation, thereby enhancing the physical con
sistency of the model predictions (Fig. 1); further details are pro
vided below.

(1) A physical NLL term based on the mass balance equation at 
the offtake

Unlike the standard MDN loss function, which minimizes only 
the discrepancy between predicted means and field-observed 

Fig. 1. Architecture of the PgMDN, showing the input variables, LSTM–MDN structure, 
physics-guided loss function, and conditional output distribution. The network out
puts the mixture weights, means, and standard deviations of the Gaussian compo
nents to parameterize the conditional probability distribution p(qt|xt). PgMDN, 
physics-guided mixture density network; LSTM, long short-term memory; MDN, 
mixture density network; ΔHu, upstream water-level variation; ΔHd, downstream 
water-level variation; Qu, upstream discharge; Qd, downstream discharge; Hd, 
downstream water level; HdΔHd, interaction term between downstream water level 
and downstream water-level variation; ω, mixture weight; μ, mean; σ, standard de
viation; M, number of Gaussian components; Ndata, the NLL term based on observed 
data; Nphys, the physical NLL term derived from local mass balance; NLL, negative log- 
likelihood; Lphys, physics-guided consistency term between mean variation and pre
dictive uncertainty; λd, λp, and λc, the weighting coefficients of the data NLL term, the 
physical NLL term, and the physics-guided term, respectively.
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values, the proposed physical NLL term incorporates a governing 
physical equation as an additional training objective. Based on the 
mass balance principle, the predicted mean values of q from the 
PgMDN are encouraged to be consistent with the difference be
tween inflow  (Qin) and outflow  (Qout) within the computational 
grid containing the offtake.

The values of Qin and Qout are generated using a physics-based 
model derived from one-dimensional (1D) hydrodynamics. This 
model is based on simplified hydraulic assumptions and is driven 
by observed data from a real-world canal system, including 
boundary discharges, initial water surface profile,  and offtake 
discharges during the training period. Notably, observed water 
levels capture complex hydraulic effects present in real canal 
systems, including unmodeled losses, and are therefore used as 
key inputs for offtake discharge prediction. Based on these inputs, 
Qin and Qout are simulated by solving the 1D discrete Saint-Venant 
equations using the four-point Preissmann scheme [46].

This physical constraint is incorporated into the loss function 
via an NLL formulation similar to equation (5), with the observed- 
value term replaced by the mass-balance term. Rather than 
enforcing strict equality, this formulation promotes consistency 
between predicted mean values and underlying physical laws, as 
expressed in equation (6): 

Nphys=−
∑N

i=1
ln

[
∑M

i=1
ωi;t(xt)g

(
(Qin − Qout)t

⃒
⃒μi;t(xt);σ2

i;t(xt)
)
]

(6) 

where Nphys denotes the physical NLL term derived from local mass 
balance; Qin and Qout denote the inflow  and outflow  discharges 
within the computational grid containing the offtake (m3 s− 1), 
respectively.

Although this constraint is explicitly applied only to the pre
dicted mean, it also influences  the variance due to the internal 
coupling between mean and variance within the joint output layer 
of the PgMDN.

(2) A physics-guided term constraining the relationship be
tween changes in predicted means (Δμ) and the corre
sponding standard deviation (σ)

Significant variations in the predicted mean values of q often 
reflect  rapid changes in the underlying hydraulic state of canal 
systems [6]. Such fluctuations  are typically associated with dy
namic transitions and potential unplanned or abrupt gate opera
tions. Consequently, large changes in predicted mean values can be 
interpreted as indicators of reduced system stability, under which 
predictive uncertainty is expected to increase. Based on this 
physical insight, a positive correlation is assumed between the 
magnitude of changes in predicted discharge (q) and the corre
sponding uncertainty.

To incorporate this assumption into model training, a physics- 
guided term is added to the loss function to enforce consistency 
across predictions. This term penalizes the model when the evo
lution of predicted means and predictive uncertainty follows 
opposing trends. Specifically, increases (or decreases) in mean 
fluctuations should correspond to wider (or narrower) uncertainty 
intervals. This is implemented by encouraging directional consis
tency between changes in predicted means (Δμ) and the standard 
deviation (σ), such that the loss approaches zero only when both 
vary in the same direction.

In addition, a parameter α is introduced to enable adaptive 
learning by imposing stronger constraints in regions that exhibit 
sharper variation during training. This mechanism allows the 

model to focus on dynamically unstable regions rather than uni
formly inflating  uncertainty and producing overly conservative 
predictions. The physics-guided term is defined  in equations (7) 
and (8), where μ and σ denote the mixture-weighted values of μi 

and σi, respectively: 

Lphys =
∑N

t=2
αt
(
EΔμ;t⋅Eσ;t −

⃒
⃒EΔμ;t

⃒
⃒⋅
⃒
⃒Eσ;t

⃒
⃒
)2 (7) 

αt =
e|EΔμ;t|

∑N
t=2e|EΔμ;t|

; EΔμ;t =Δμ;t − Δμ;t− 1;Δμ;t = |μt − μt− 1|; Eσ;t = σt

− σt− 1

(8) 

where Lphys denotes physics-guided consistency term between 
mean variation and predictive uncertainty; αt regulates the 
strength of the constraint; e denotes the base of the natural log
arithm; EΔμ,t and Eσ,t represent the change trends of predicted 
mean variation and predicted variance, respectively; and Δμ,t de
notes the absolute difference between adjacent predicted means.

The final  loss function for PgMDN training is formulated as a 
sum of the data NLL term, the physical NLL term, and the physics- 
guided term, as shown in equation (9). In this study, all loss 
components are assigned equal weights to ensure comparable 
contributions during training. The back-propagation algorithm, 
therefore, seeks to minimize both data-fitting  loss and physics- 
based constraint losses simultaneously. 

L= λdNdata + λpNphys + λcLphys (9) 

where λd, λp, and λc denote the weighting coefficients of the data 
NLL term, the physical NLL term, and the physics-guided term, 
respectively. In this study, λd = λp = λc = 1.

2.3. SHAP analysis

Identifying key contributors to model uncertainty is essential 
for understanding the behavior of the PgMDN and improving the 
credibility of its predictions. To this end, SHAP is employed to 
interpret the influence  of each input variable on the predictive 
uncertainty interval, thereby enhancing the interpretability of the 
trained model [47].

Based on cooperative game theory, SHAP computes Shapley 
values to quantify each feature's average marginal contribution to 
model predictions [48]. This approach evaluates model behavior 
across all possible feature combinations, both including and 
excluding the feature of interest.

In this study, SHAP analysis is implemented for the mixture- 
weighted variance (σ2) predicted by the PgMDN. Shapley values 
quantify the relative importance of each input variable in influ
encing predictive uncertainty. By examining the consistency of 
feature importance across days, the dominant hydraulic factors 
governing uncertainty in water-offtake discharge can be identified.

2.4. Evaluation metrics

The MDN and PgMDN models are evaluated based on pre
dictions of q from two perspectives: accuracy and uncertainty. 
Predictive accuracy is assessed using the mean absolute error 
(MAE) and the root mean square error (RMSE). In addition, the 
reliability index (R-index) and skill score (S-index) are used to 
evaluate model performance in uncertainty forecasting [49]. All 
metrics are computed across all prediction time steps, yielding a 
single evaluation value for each model.

MAE and RMSE quantify the average absolute and squared 
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differences between predictions and observations, respectively, 
with lower values indicating better predictive performance. These 
metrics are defined in equations (10) and (11): 

EMAE =
1

Np

∑Np

t=1

⃒
⃒
⃒qo;t − qp;t

⃒
⃒
⃒ (10) 

ERMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1

Np

∑Np

t=1

(
qo;t − qp;t

)2
√

(11) 

where the Np denotes the total number of prediction samples, and 
qo and qp represent observed and predicted values, respectively.

The R-index measures the proportion of observed data points 
that fall within the predicted uncertainty interval. A value closer to 
the predetermined confidence  level indicates better agreement 
with the theoretical expectation; positive deviations are consid
ered favorable, whereas negative deviations indicate under
coverage. Given sufficient  reliability, a narrower uncertainty 
interval reflects improved predictive performance.

The S-index provides a comprehensive evaluation of both reli
ability and interval width, with values closer to zero indicating 
better overall performance. A positive S-index corresponds to 
confident (narrow) predictions, whereas a negative value indicates 
conservative (overly wide) intervals. Thus, values near zero reflect 
an optimal balance between reliability and sharpness [49].

Given a confidence level τ, the R-index Rτ and the S-index Sτ are 
defined as follows: 

δτ =

{
1; if qo;t ≤ q̂τ;t
0;otherwise

;Rτ =
∑Np

t=1

δτ
Np

(12) 

Sτ =
1

Np

∑Np

t=1
(δτ − τ)

(
qo;t − q̂τ;t

)
(13) 

where τ is the prescribed confidence level (0.9 in this study); q̂τ;t 
denotes the bounds of the uncertainty interval at a confidence 
level τ for time step t (m3 s− 1); and δτ is a binary indicator speci
fying whether the observed value falls within the predicted 
interval.

3. Case study

In this study, small synthetic datasets generated by analytical 
functions are used to evaluate the MDN's baseline capability to 
learn diverse distribution patterns under limited data conditions. 
These datasets reflect  representative statistical characteristics of 
real systems. In addition, real-world canal data are used to 
compare the MDN and PgMDN models, demonstrating the prac
tical performance improvements achieved by the proposed 
approach.

3.1. Synthetic data

We generated three types of synthetic datasets.

(1) Case 1, a linear function with heteroscedastic Gaussian 
error;

(2) Case 2, a nonlinear function with a non-Gaussian, multi
modal error distribution; and

(3) Case 3, a nonstationary time series with abrupt changes and 
multimodal noise.

The equations for Cases 1 and 2 are adopted from Li et al. [38], 
while Case 3 is constructed using piecewise functions incorporating 

regime switching and jump terms. Input variables are randomly 
generated within specified ranges: [0, 1] for Case 1 and [− 1, 1] for 
Cases 2 and 3. The number of training and testing samples is set to 
match the number of samples in the real canal system data used for 
real-time prediction, as described in Section 3.3.

3.2. Real-world data

The proposed models are evaluated using observational data 
from two canal reaches (Reach A and Reach B) along the Middle 
Route of the South-to-North Water Diversion Project of China 
(Fig. 2). These two reaches are located in the Beijing–Shijiazhuang 
section of the project in Hebei Province, North China, and are 
representative of regulated reaches within this large canal system. 
Although both reach the same system, they differ in geometric 
configuration  and operational characteristics and are therefore 
treated as distinct test cases.

Reach A is characterized by relatively large offtake discharges 
with modest short-term variability, representing a substantial 
proportion of the main canal flow. A continuous nine-day dataset 
collected under typical operating conditions is used for detailed 
model comparison. In contrast, Reach B is represented by a longer 
27-day dataset collected in a different season. This dataset exhibits 
greater variability, including abrupt changes and pronounced 
fluctuations  associated with non-routine operational events. 
Additionally, the offtake discharge in Reach B constitutes a smaller 
proportion of the main canal flow  compared to Reach A. The 
extended dataset is primarily used to evaluate model performance 
and robustness across a wider range of operating scenarios. The 
geometric characteristics, flow ranges, and data durations for both 
reaches are summarized (Table 1).

Both case studies share several common features: (1) trape
zoidal cross-sections with wide and shallow profiles; (2) offtakes 
located near the downstream end; and (3) mild, nearly uniform 
bed slopes of 0.00004. Due to the limited sensor availability and 
monitoring data, this study excludes the effects of evaporation, 
leakage, and other loss processes in predicting offtake discharge.

3.3. Simulation setup and model training

For real-time prediction, the output time step of both the MDN 

Fig. 2. Location and schematic configuration of the two study reaches (Reach A and 
Reach B) in the Beijing–Shijiazhuang section of the Middle Route of China's South-to- 
North Water Diversion Project. The figure  identifies  the upstream and downstream 
control gates, water-level sensor locations, offtake positions and directions, and key 
reach lengths.
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and PgMDN models is set to 20 min, consistent with the data 
acquisition frequency. The LSTM layers use historical input se
quences spanning six time steps (T = 6), corresponding to a 2-h 
window.

We adopted a rolling-horizon prediction scheme, in which 
fixed-length training, validation, and test sets are sequentially 
updated to simulate real-time operation. An initial three-day 
training period is used to initialize the models. For Reach A, this 
is followed by a six-day rolling prediction period based on the 
nine-day dataset, using fixed-length training (72 h), validation 
(12 h, sixfold), and test (24 h) sets. For Reach B, the same approach 
is applied, resulting in a 24-day rolling prediction period enabled 
by the extended dataset. Under this framework, geophysical pa
rameters are assumed to remain approximately constant within 
each analyzed time window.

Both MDN and PgMDN models are trained using the adaptive 
moment estimation (Adam) optimizer [50]. The learning rate, first- 
moment decay rate, and second-moment decay rate are set to 0.01, 
0.9, and 0.999, respectively, based on established practice and 
validation results. Hyperparameters for the LSTM layers are 
determined through grid search within ranges informed by prior 
studies [51]. Specifically, the number of hidden units is tested at 
{40, 60, 80, 100}, the number of epochs at {100, 150, 200, 300}, and 
the L2 regularization weight at {10− 4, 5 × 10− 4, 10− 3, 5 × 10− 3}.

Hyperparameter selection is conducted using sixfold cross- 
validation within each 72-h training window, constituting an 
automated tuning procedure. Due to the relatively high dimen
sionality of the output, a larger number of hidden units is required 
to ensure sufficient  model capacity. The final  configuration in
cludes 80 units per LSTM layer, 200 training epochs, a full batch 
size of 216 samples, and an L2 regularization weight of 0.001.

All input features are normalized to the range [0,1] prior to 
training. No early stopping or learning rate decay is applied. These 
settings are used consistently for both the MDN and PgMDN 
models. All numerical experiments are conducted in MATLAB 
R2019b on a Windows system equipped with an Intel Core i7-9700 
CPU (3.00 GHz) and 16 GB of random access memory.

4. Results

4.1. Application of MDN to synthetic data

The MDN model exhibits distinct predictive performance and 
associated uncertainty intervals across the three synthetic data 
patterns (Fig. 3). Across the three cases, the MDN model performs 
better in Cases 1 and 2, which are characterized by simpler func
tional relationships, as reflected by higher reliability and skill 
scores closer to zero. In contrast, Case 3, which represents a more 
complex nonstationary time series, exhibits higher MAE and RMSE 
values along with lower reliability.

These results indicate that while the MDN can capture arbitrary 
and non-standard distributions, its predictive accuracy and un
certainty calibration degrade as data complexity and temporal 
variability increase.

Although these synthetic experiments demonstrate the MDN's 
ability to learn complex conditional distributions, they are con
ducted under simplified conditions. We therefore next examined 
the performance of both MDN and PgMDN in real-world systems 
(Section 4.2).

4.2. Comparison of MDN and PgMDN using real system data

4.2.1. Prediction performance on the short-term dataset
Following the training setup described in Section 3.3, this 

section presents model performance over a continuous six-day 
prediction period.

The predicted q values and their associated uncertainty in
tervals evolve over time, along with the distribution of predictive σ 
values across different variation phases of q (Fig. 4). The PgMDN 
model more accurately captures short-term fluctuations in q than 
the MDN model, particularly during the 24–48 h and 72–144 h 
periods. In addition, PgMDN provides more consistent and realistic 
uncertainty intervals compared to MDN.

For example, MDN produces abrupt, overly narrow uncertainty 
intervals between 72 h and 96 h, while generating excessively 
wide intervals during the other periods (Fig. 4a). This behavior is 
further illustrated in the corresponding box plots. The MDN ex
hibits relatively concentrated distributions of predicted σ values, 
with no clear relationship to variations in q. Notably, it produces 
the smallest spread in predicted σ during periods of high vari
ability (Fig. 4a), indicating limited responsiveness of uncertainty 
estimates to dynamic system conditions.

In contrast, the PgMDN exhibits progressively wider σ distri
butions as the variability of q increases (Fig. 4b). This behavior 
suggests that the model appropriately adjusts predictive uncer
tainty in response to dynamic system changes. These results 
demonstrate that incorporating physical constraints enables the 
PgMDN to better capture uncertainty under rapidly evolving hy
draulic conditions.

MDN and PgMDN are compared in terms of both accuracy and 
uncertainty metrics (Fig. 5). The PgMDN achieves significantly 
improved prediction accuracy (MAE = 0.20, RMSE = 0.26; Fig. 5a), 
reducing the MDN's corresponding errors by 28% and 26%, 
respectively.

From the perspective of uncertainty quantification, PgMDN also 
demonstrates substantial improvements. It achieves a higher R- 
index and a lower absolute S-index compared to MDN. At the 90% 
confidence  level, reliability increases from 0.45 to 0.82. Further
more, the negative S-index value, which is close to zero, indicates 
that PgMDN produces more conservative yet well-balanced un
certainty intervals relative to MDN.

The scatter points represent daily performance across six 
forecasting windows (Fig. 5). PgMDN exhibits less day-to-day 
variation in MAE and RMSE than MDN, with even greater stabil
ity observed in the R-index and S-index. Overall, consistent im
provements across all evaluation metrics demonstrate that 
PgMDN outperforms MDN in terms of accuracy, reliability, and 
robustness.

Table 1 
Geometric and hydraulic characteristics of Reach A and Reach B.

Reach Bottom width (m) Side slope Bed slope Qu 

(m3 s− 1)
Qd 

(m3 s− 1)
Hu 

(m)
Hd 

(m)
q 
(m3 s− 1)

Reach A 19.5 2.5 0.00004 79–88 45–54 3.6–3.9 4.2–4.5 30–35
Reach B 10.0 3.0 0.00004 153–178 130–175 4.8–5.2 5.0–5.4 5–27

Note: Qu, future discharge plans at the upstream end; Qd, future discharge plans at the downstream end; Hu, upstream water level; Hd, downstream water level; q, offtake 
discharge.
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4.2.2. Performance validation under extended conditions
The prediction performance of MDN and PgMDN over the 24- 

day forecasting period in Reach B is compared (Fig. 6). The 
PgMDN achieves substantially lower prediction errors, reducing 
MAE and RMSE from 0.99 and 1.48 m3 s− 1 (MDN) to 0.54 and 
0.75 m3 s− 1, respectively. In addition, PgMDN provides more reli
able uncertainty estimates, increasing reliability from 0.64 to 0.78 
and reducing the skill score from 0.12 to 0.03. The predicted un
certainty intervals produced by PgMDN adapt more effectively to 
abrupt fluctuations,  particularly during periods of significant 
operational change. This indicates improved stability and more 
accurate characterization of uncertainty over extended time 
horizons.

To further assess model robustness under varying operating 
conditions, the 24-day dataset is categorized into low, medium, 
and high variability levels based on the rate of change in offtake 
discharge. PgMDN consistently achieves higher reliability and 

Fig. 3. Predictive performance of the MDN model for Case 1 (a), Case 2 (b), and Case 3 (c), together with the associated 90% predictive uncertainty intervals. MDN, mixture density 
network; MAE, mean absolute error; RMSE, root mean square error.

Fig. 4. Comparison of MDN and PgMDN predictions for Reach A. a,c, Time-series predictions from the MDN (a) and PgMDN (c), shown together with observations and 90% 
predictive uncertainty intervals across 432 test samples. b,d, Distributions of the predicted variances (σ) from the MDN (b) and PgMDN (d) for low, medium, and high variation 
phases of the offtake discharge (q). Variation phases were defined  by the rate of change of q: low, 0.00–0.06 m3 s− 1 h− 1 (188 samples); medium, 0.06–0.30 m3 s− 1 h− 1 (172 
samples); and high, 0.30–2.00 m3 s− 1 h− 1 (72 samples). MDN, mixture density network; PgMDN, physics-guided mixture density network.

Fig. 5. Performance comparison between MDN and PgMDN for Reach A. a, Accuracy 
metrics: MAE and RMSE. b, Uncertainty metrics: reliability and skill score. Bars 
represent global metrics across the 6-day prediction period (432 samples), while 
scattered dots represent daily evaluation values (72 samples). The red dashed line 
indicates the zero reference for the skill score. MDN, mixture density network; 
PgMDN, physics-guided mixture density network. MAE, mean absolute error; RMSE, 
root mean square error.
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improved uncertainty performance than MDN across all variability 
levels (Fig. 7). Specifically, PgMDN achieves reliability values of 
approximately 0.74 under low-level variability and up to 0.84 
under high variability. In contrast, MDN exhibits lower and more 
variable coverage across different conditions. In addition, PgMDN 
produces skill scores closer to zero, with the best performance 
observed under high-variability conditions. These findings 
demonstrate that the proposed PgMDN model improves uncer
tainty quantification under both stable and highly dynamic oper
ating conditions.

4.2.3. Model generalization ability
We conducted two tests to evaluate model generalization. In 

the first test, both MDN and PgMDN are trained on data from Reach 
A during Day 1 (0–24 h), which represent relatively stable condi
tions, and then tested on Day 4 (72–96 h), characterized by sharp 
fluctuations.  In the second test, both models are trained on data 
from Days 3–5 in Reach B under typical regular conditions and 
evaluated on Day 8, which exhibits pronounced variability and 
abrupt changes. These tests assess the robustness of PgMDN 
relative to MDN under unfamiliar and rapidly changing opera
tional dynamics.

Prediction errors increase for both models under generalization 
scenarios (Fig. 8), reflecting the increased difficulty of forecasting 
under unseen conditions. This effect is more pronounced for Reach 

Fig. 6. Comparison of MDN and PgMDN predictions for Reach B over the 24-day test period. Predictions from the MDN (a) and PgMDN (b) compared with observations, with 90% 
predictive uncertainty intervals, over the 24-day test period (1728 samples). MDN, mixture density network; PgMDN, physics-guided mixture density network. MAE, mean 
absolute error; RMSE, root mean square error.

Fig. 7. Comparison of MDN and PgMDN performance in Reach B across different variation phases of the offtake discharge (q). Uncertainty metrics (reliability and skill score) for 
low (a), medium (b), and high (c) variation phases. Variation phases were defined by the rate of change of q: low, 0.0–0.2 m3 s− 1 h− 1 (864 samples); medium, 0.2–1.0 m3 s− 1 h− 1 

(604 samples); and high, 1.0–9.0 m3 s− 1 h− 1 (260 samples). MDN, mixture density network; PgMDN, physics-guided mixture density network.

Fig. 8. Comparison of MDN and PgMDN performance under rolling and general
ization tests in Reach A (a) and Reach B (b). The red dashed line indicates the zero 
reference for the skill score. MDN, mixture density network; PgMDN, physics-guided 
mixture density network. MAE, mean absolute error; RMSE, root mean square error.
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B, which exhibits more frequent and intense fluctuations, making 
it a more challenging test case.

Despite these challenges, PgMDN consistently achieves lower 
MAE and RMSE than MDN across both reaches and test scenarios. In 
terms of uncertainty quantification,  PgMDN maintains stable 
reliability and skill score values. Even under highly dynamic con
ditions in Reach B, PgMDN preserves reliability levels of approxi
mately 0.7–0.8 and skill scores close to zero, whereas MDN 
exhibits more pronounced degradation. These results indicate that 
incorporating physics-guided constraints enhances model 
robustness and generalization, particularly under abrupt, previ
ously unseen operating conditions.

4.3. Analysis of input contributions

Shapley values are computed for each test data point to quan
tify the contribution of input variables to predictive uncertainty, 
and these values are averaged daily. To facilitate comparison, the 
average Shapley values are expressed as percentages, indicating 
the relative contribution of each variable on each day for Reach A 
(Fig. 9), with overall contributions across the six-day period 
summarized in panel a and daily contributions in panels b–g.

The global results (Fig. 9a) indicate that variables related to 
water-level variation—namely, X1, X2, and X6—are the primary 
drivers of predictive uncertainty. Daily results (Fig. 9b–g) further 
show that a nonlinear term X6 (HdΔHd) plays a dominant role on 
most days, contributing between 19.6% and 53.6%.

Additionally, X1 (ΔHu) and X2 (ΔHd) generally exert greater 
influence on uncertainty than X3 (Qu) and X4 (Qd), particularly on 
Days 2, 5, and 6, where their contributions exceed 20% (Fig. 9c–f,g). 
However, this pattern varies across days. For example, on Day 3, 
only X6 exhibits a significant contribution, while the influence of 
other variables is minimal (Fig. 9d). This may help explain the 
reduced model performance observed on Day 3 (Fig. 4), where the 
model struggles to capture the trend of actual offtake discharge.

On Day 4, X3 (Qu) becomes the dominant contributor, ac
counting for 46% of total importance, indicating that inflow 
discharge plays a key role in driving uncertainty during periods of 
rapid change. In contrast, boundary discharge variables (X3 and 
X4) have relatively minor contributions under stable conditions, 
typically below 12%. Meanwhile, X5 (Hd) shows a consistently 
small but highly variable contribution across all days, ranging from 
0.5% to 10.5% (Fig. 9e).

Overall, these results suggest that predictive uncertainty is 
primarily driven by variables related to hydraulic change (X1 and 
X2) and the nonlinear downstream response (X6). However, under 
rapidly changing conditions, inflow  discharge (X3) becomes a 
more dominant factor influencing uncertainty.

The SHAP results indicate that dominant drivers of predictive 
uncertainty vary with operating conditions. Specifically, X1 and X2 
exceed 20% on Days 2, 5, and 6, whereas X3 accounts for 46% of 
total importance on Day 4, enabling operators to adjust their 
monitoring focus accordingly. During periods of pronounced 
variability in offtake discharge, inflow  discharge becomes a key 
variable for operational monitoring and decision support. Under 
relatively stable conditions, variations in downstream water levels 
provide more relevant information for routine system 
management.

5. Discussion

5.1. Sensitivity and robustness analysis

To evaluate PgMDN's sensitivity to the weights of the loss 
terms, we conducted a comparative analysis using the nine-day 

dataset from Reach A. The data loss weight is fixed at λd = 1, 
while the two physics-related terms are varied around their 
default values. Five configurations of are considered: (λd, λp, λc) =
(1, 1, 1), (1, 0.5, 1), (1, 1, 0.5), (1, 5, 1), and (1, 1, 5). All other training 
settings are kept identical.

The performance of PgMDN under these configurations is 
presented (Fig. 10a). MAE and RMSE remain relatively stable under 
moderate perturbations of the physics-related weights, indicating 
that the model is not overly sensitive to their selection. However, 
excessively increasing the physical NLL term (1, 5, 1) degrades both 
accuracy and uncertainty performance, suggesting that overly 
strong physical constraints may restrict model flexibility and limit 
the learning of data patterns. In contrast, increasing the weight of 
the physics-guided term (1, 1, 5) improves both accuracy and 
reliability, underscoring its greater benefit.  Overall, PgMDN 

Fig. 9. Global and day-specific importance of input variables over the 6-day pre
diction period. a, Global importance ranking based on all 432 samples. b, Day-specific 
importance distributions for days 1–6, based on 72 samples per day. Input variables 
are defined as X1, ΔHu, upstream water-level variation; X2, ΔHd, downstream water- 
level variation; X3, Qu, upstream discharge; X4, Qd, downstream discharge; X5, Hd, 
downstream water level; X6, HdΔHd, interaction term between downstream water 
level and downstream water-level variation.
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demonstrates robust performance and does not depend on a 
narrowly tuned weighting configuration.

To further assess robustness under data-scarce conditions, the 
forecasting horizon is fixed at 72 samples, while the amount of 
training data is progressively reduced. For each training size, MDN 
and PgMDN are trained and evaluated on the same test period 
under identical experimental settings.

Both models show degraded performance as the training data 
decrease, as reflected by increasing MAE and RMSE and declining 
reliability (Fig. 10b). However, PgMDN consistently achieves lower 
prediction errors and substantially higher reliability than MDN 
across all data sizes. Moreover, the degradation in PgMDN per
formance is more gradual, whereas MDN exhibits a sharper 
decline when training data becomes limited. The skill score of 
PgMDN remains close to zero under different data sizes, indicating 
stable probabilistic behavior, while MDN shows larger deviations 
under small-sample conditions.

5.2. Comparison with previous studies

As discussed in the Introduction, UQ in canal prediction has 
been approached through ensemble hydrodynamic models, sto
chastic operational frameworks, and data-driven probabilistic 
methods. Physics-based methods ensure physical consistency but 
often incur high computational costs, whereas purely data-driven 
models typically rely on scenario perturbations and may lack 
robustness under changing conditions.

In contrast, PgMDN models uncertainty by directly learning the 
conditional probability distribution of canal states, allowing it to 
capture complex, input-dependent uncertainty arising from un
observed operational disturbances without relying on predefined 
scenarios. Physical knowledge is incorporated into this probabi
listic framework to constrain the learned distributions, ensuring 
consistency with fundamental hydraulic principles.

The superior accuracy and reliability of PgMDN predictions can 
be attributed to two primary factors. First, the MDN architecture 
with LSTM layers effectively captures implicit multimodal patterns 
in the data [38,39] (Fig. 3). Second, incorporating physical con
straints enhances sensitivity to hydrodynamic laws, leading to 
more consistent predictions. This effect is reflected in the 
improved performance metrics (Figs. 6 and 9) and aligns with 
findings from previous work [41].

Furthermore, the SHAP analysis (Fig. 8) suggests that the model 
captures physically meaningful relationships. Uncertainty is pri
marily driven by water-level variations under normal conditions, 
whereas inflow  variations dominate during periods of rapid 
operational change. This behavior is consistent with the 

established understanding of canal system dynamics, supporting 
the interpretability of the model [52].

Compared to prior applications of MDN models [27,37,38], the 
proposed PgMDN demonstrates improved performance on small 
and real-world datasets by embedding physical constraints 
directly into the loss function. For variables such as offtake 
discharge, which are governed by short-term hydrodynamic pro
cesses rather than long-term hydrologic trends [38,39], PgMDN 
provides reliable and robust multimodal predictions.

This physics-guided framework enables the model to generate 
physically consistent, state-dependent conditional distributions 
while preserving the flexibility of deep learning. Such capability is 
particularly valuable for canal system operations, especially under 
short-horizon monitoring conditions. The resulting probabilistic 
forecasts of offtake discharge can be integrated into hydrodynamic 
models to estimate potential water level ranges under varying 
scenarios [8].

Accordingly, the PgMDN model is well-suited for real-time 
canal management, where predictive intervals can support adap
tive scheduling and risk-aware control [53]. These probabilistic 
outputs enable more informed operational decisions, such as 
adjusting safety margins or optimizing the timing of control ac
tions, rather than relying solely on deterministic forecasts. In this 
sense, PgMDN provides a practical framework for bridging phys
ical hydrodynamic modeling, data-driven UQ, and operational 
decision support.

5.3. Limitations and future work

Despite its demonstrated performance, several limitations 
remain. First, the mass balance formulation relies on inflow and 
outflow discharges derived from a simplified 1D hydraulic model, 
which may not fully capture complex hydraulic interactions in real 
canal systems. As a result, local deviations from strict mass balance 
may occur under certain operating conditions, particularly when 
additional physical uncertainties are present.

In this study, such complexities are implicitly accounted for 
through real-time water level observations, which serve as key 
inputs for offtake discharge prediction. While this assumption is 
reasonable in practice, it remains an approximation. The multi- 
term loss formulation introduces an inherent trade-off between 
local physical consistency and data-driven flexibility. Because the 
physical constraint is applied locally, residual discrepancies may 
be absorbed by the data likelihood term. Further improvements 
could involve refining the hydraulic model or incorporating addi
tional observational data.

Second, the PgMDN employs relatively soft physical constraints 

Fig. 10. Robustness analysis of PgMDN under different loss-weight settings and training sample sizes. a, PgMDN performance under different combinations of λd, λp, and λc. 
b–g, Comparison of MDN and PgMDN performance under different training sample sizes at Day 1 (b), Day 2 (c), Day 3 (d), Day 4 (e), Day 5 (f), and Day 6 (g). MDN, mixture density 
network; PgMDN, physics-guided mixture density network. MAE, mean absolute error; RMSE, root mean square error; λd, λp, and λc, the weighting coefficients of the data NLL term, 
the physical NLL term, and the physics-guided term, respectively; NLL, negative log-likelihood.
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compared to physics-informed neural networks [54,55]. While this 
enhances flexibility, it may reduce stability under certain input 
conditions. Incorporating stronger or more explicit physical con
straints may further improve the model's ability to capture hy
drodynamic behavior.

Additionally, although relatively long datasets are used in this 
study, the evaluation does not cover a full seasonal cycle. Future 
work could also extend the framework to multi-step forecasting, 
enabling better representation of long-term temporal de
pendencies and seasonal dynamics. Over longer horizons, changes 
in environmental and geophysical conditions may become 
increasingly important. Moreover, model validation may be 
influenced  by measurement noise, simplified  physical assump
tions, and limited temporal coverage, which can introduce vari
ability in performance metrics under certain conditions.

Finally, the current approach relies on a predefined set of hy
draulic input features, which may not fully capture higher-order 
interactions within the system. Future research could explore 
end-to-end learning approaches, such as attention-based archi
tectures, to implicitly encode physical relationships [56]. Such 
methods may also help improve the identification  of high-risk 
conditions while maintaining interpretability and real-time 
applicability. Additionally, broader comparisons with alternative 
UQ methods remain an important direction for future work.

6. Conclusion

This study proposes a novel PgMDN model that integrates 
physical constraints into a data-driven probabilistic framework to 
quantify uncertainty in water-offtake discharge predictions. By 
embedding both a local mass-balance constraint and a coupling 
between system-state variation and uncertainty into the loss 
function, the model produces more robust and physically consis
tent conditional distributions.

The baseline MDN is first  validated using small-sample syn
thetic datasets. The proposed PgMDN model is then evaluated 
using real-world canal system data across multiple time scales and 
operating conditions. Compared to the standard MDN, PgMDN 
demonstrates consistently superior performance in both point 
prediction and uncertainty quantification. The main findings are as 
follows.

(1) Compared to the standard MDN, which performs well on 
synthetic datasets, PgMDN achieves more accurate pre
dictions on small real-world datasets, reducing MAE and 
RMSE by 28% and 26%, respectively.

(2) PgMDN improves prediction reliability from 0.45 to 0.82 and 
provides more conservative yet well-balanced uncertainty 
estimates while maintaining stable generalization under 
transfer testing and reduced training data conditions.

(3) SHAP analysis shows predictive uncertainty is primarily 
driven by water level variations under normal conditions 
and by inflow  discharge during rapid changes, supporting 
the physical interpretability of the model.

In summary, this study demonstrates that incorporating 
physical knowledge into neural network architectures can signif
icantly enhance their robustness, generalization capability, and 
interpretability. This approach provides a promising pathway for 
integrating data-driven modeling with physical understanding, 
enabling more resilient and adaptive management of water re
sources and environmental systems.
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